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In this short note, we comment on the existence of two more fermionic unitary minimal models
not included in recent work by Hsieh, Nakayama, and Tachikawa. These theories are obtained by
fermionizing the Z2 symmetry of the m = 11 and m = 12 exceptional unitary minimal models.
Furthermore, these should be the only missing cases.
I. INTRODUCTION
In a recent paper by Hsieh, Nakayama, and Tachikawa,
it was shown that there is a fermionic unitary minimal
model for each c = 1 − 6/(m(m + 1)). In particular, it
is obtained by fermionizing the Z2 symmetry in the A
or D-type lattice models, and can be thought of as the
fermionic partner to those two bosonic theories [1].
The goal of this note is two-fold. First, we point out
that the m = 11 and m = 12 exceptional unitary mini-
mal models, also called (A10, E6) and (E6, A12), have a
non-anomalous Z2 symmetry [2]. From general consider-
ations about fermionization, we conclude that there are
an additional two fermionic minimal models which can
be obtained from the generalized Jordan-Wigner trans-
formation on these two models. Moreover, we use this
note as an opportunity to illustrate some notation and
simple ideas for upcoming work [3].
II. MINIMAL MODELS
A. Review and Classification
Minimal models are (1+1)d CFTs whose Hilbert
spaces are composed of a finite number of irreducible rep-
resentations of the Virasoro algebra. A minimal model
will generally have central charge
c(p, p′) = 1−
6(p− p′)2
pp′
, (1)
where p and p′ are positive co-prime integers and p > p′ ≥
2. The potential highest weights of a minimal model at
c(p, p′) are given by the Kac formula
hr,s =
(rp− sp′)2 − (p− p′)2
4pp′
, (2)
where we use the symmetry hr,s = hp′−r,p−s of the
Kac formula to produce a closed operator algebra of
(p− 1)(p′ − 1)/2 distinct fields.
The modular invariants of minimal models are well
known to have an ADE type classification [4, 5] (see also
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Tables 10.3 and 10.4 of [6]), which allows us to read off
the highest weights/state spaces after identification with
characters. More precisely, the modular invariants are
in one-to-one correspondence with pairs of simply-laced
Lie algebras. As a consequence of this classification, un-
less p, p′ = 2, 4, there is always more than one modular-
invariant minimal model at c(p, p′). That is, there are
different operator algebras constructed from the same
primaries and closed under OPE.
To obtain unitary minimal models, we specify to
(p, p′) = (m + 1,m) with m ≥ 2, and can take 1 ≤ s ≤
r ≤ m − 1. For example, at m = 2 we have the c = 0
trivial CFT, at m = 3 the c = 1/2 critical Ising, and at
m = 4 the c = 7/10 tricritical Ising. As promised, for
m = 5 there are A-type and D-type modular invariants,
which correspond to the tetracritical Ising and critical
3-state Potts model respectively. In general, for m ≥ 5
there is always an A-type theory and a D-type theory,
and at the special values m = 11, 12, 17, 18, 29, 30 there
is a third E-type theory, corresponding to the Dynkin di-
agrams E6, E7, and E8 for each consecutive pair. From
here out we will only discuss unitary minimal models.
As mentioned in [1], there is a temptation to call the
m = 3 theory a free massless Majorana fermion, and
the m = 4 theory the smallest N = 1 supersymmetric
minimal model. However, this is not strictly correct: the
Ising model has only integral spin operators, and thus
is bosonic, while the Majorana fermion has integral and
half-integral spin operators, and thus is fermionic. It is
similar for the m = 4 case.
B. Symmetries and Z2 Orbifold
Symmetries of the operator algebra of a CFT are heav-
ily restricted by conditions of unitarity and modular in-
variance. For example, h = 1 operators are not unitary
in a c < 1 CFT, so one can rule out continuous internal
symmetries in minimal models [7]. However, there may
still be discrete symmetries.
In [2], the authors determine the maximal symmetry
group of all unitary minimal models by studying the the-
ories in the presence of twisted boundary conditions as in
[8, 9]. Said differently, they determine if there are twisted
partition functions which can be consistently added to
the theory. Summarizing, their findings are that: All
unitary minimal models have maximal symmetry group
2Z2, except 6. The critical and tricritical 3-Potts model
have non-commuting Z2 and Z3 symmetry which combine
to an S3 symmetry, and the 4 E7 and E8 minimal models
have no symmetry. We note that these symmetries are
the same as the automorphisms of the associated Dynkin
diagrams.
As explained in [1], a theory T (put on S1×R for con-
creteness) with non-anomalous Z2 symmetry can be cou-
pled to a background Z2-connection. We may then con-
sider the untwisted Hilbert space HUn., and the twisted
Hilbert space HTw., depending on whether or not the
background Z2 is trivial, i.e. if states have holonomy
around S1. Moreover, these Hilbert spaces may be fur-
ther decomposed into states that are even or odd under
the Z2 symmetry
HT,Un. = H
+
T,Un. ⊕H
−
T,Un. (3)
HT,Tw. = H
+
T,Tw. ⊕H
−
T,Tw. . (4)
Intuitively, the gauged theory T//Z2 consists of both
untwisted and twisted Hilbert spaces because it is a sum
over all background connections, but it only has those
states which are gauge-invariant (i.e. have a + super-
script). Hence we have that
HT//Z2,Un. = H
+
T,Un. ⊕H
+
T,Tw. (5)
HT//Z2,Tw. = H
−
T,Un. ⊕H
−
T,Tw. . (6)
More generally, when G 6= Z2, the splitting “even”
and “odd” would be promoted to the projectors Pχ =
1
|G|
∑
g χ(g)g for characters χ ∈ Gˆ, and we recover the
statements that T//G has an emergent Gˆ symmetry, and
that T//G//Gˆ = T .
For the unitary minimal models, it is (literally) a text-
book result (see 10.7 of [6]) that the Z2 symmetry of
any of the A-type theories can be gauged to produce the
D-type theory and vice-versa [10].
III. FERMIONIC MINIMAL MODELS
A. Fermionization
Given a bosonic theory Tb with Z2 symmetry, it is
possible to fermionize it by a generalized Jordan-Wigner
transformation, turning the Z2 symmetry into a (−1)
F
Grassmann parity. Concretely, the partition function is
obtained by summing over the Z2 connection and cou-
pling appropriately to a spin-structure ρ. In particular,
on a genus g surface Σ, we have
ZTf [ρ] =
1
2g
∑
α∈H1(Σ,Z2)
(−1)Arf[α+ρ]ZTb [α] . (7)
The invertible phases that can be stacked with any
fermionic theory are classified by Hom(ΩSpind (pt), U(1)) =
Z2 [11]. The effective action for the non-trivial invertible
Tf
Tb
T
′
b
×Arf
Bo
son
ize
/F
erm
ion
ize
Bosonize/Fermionize
Gauge Z2
FIG. 1. Gauging the (−1)F symmetry of a spin theory Tf
produces a bosonic theory Tb with Z2 symmetry. A different
bosonic theory T ′b is produced if one first stacks with the Arf
theory. These two theories are related by Z2 orbifold.
phase is given by the low energy version of the Kitaev
chain
eiS[ρ] = (−1)Arf[ρ] . (8)
Stacking with this theory changes the relative sign of the
even and odd partition functions.
Conversely, given a fermionic theory Tf (with c − c¯ ∈
8Z), it is possible to gauge the (−1)F symmetry and
produce a bosonic theory Tb with a Z2 symmetry in two
distinct ways,
ZTb [α] =
1
2g
∑
ρ
(−1)Arf[α+ρ]ZTf [ρ] , (9)
or by stacking with Arf [12] to get
ZT ′
b
[α] =
1
2g
∑
ρ
(−1)Arf[α+ρ]+Arf[ρ]ZTf [ρ] . (10)
It is not hard to convince oneself, with the formulas
above, that the two distinct bosonizations are related by
gauging the emergent Z2’s, forming Figure 1.
For a very concrete example, one might take the theory
with (−1)F to be a free Majorana fermion ZMaj[ρ,M ].
Stacking with Arf amounts to switching the sign of the
mass term, that is, ZMaj[ρ,−M ] = (−1)
Arf[ρ]ZMaj[ρ,M ].
Bosonizing we attain the (1+1)d Ising model [13]. Tun-
ing to criticality, we see that the M = 0 free Majorana
fermion is the generalized Jordan-Wigner transformation
of the critical Ising CFT.
General points on fermionization and gauging are dis-
cussed further from a Hilbert-space and lattice-friendly
point of view in [1], and more from the point of view of
partition functions in [3].
B. Fermionic Minimal Models
We now briefly outline the work done by Hsieh,
Nakayama, and Tachikawa in [1].
3Combining the general theory above, the authors are
effectively noting that the A and D-type unitary minimal
models are related by a Z2 orbifold. Then, as in Figure
1, there must be a fermionic theory “completing the tri-
angle” between the two bosonic theories. In the case of
the critical or tri-critical Ising, Tb and T
′
b are not distinct
theories. This will be the case for the E6 models, and
provides a consistency check for us later, because clearly
if a theory is self-dual under Z2 orbifold its fermionization
must have vanishing RR-sector.
Due to the high degree of solubility of the unitary min-
imal models, the authors are able to explicitly tabulate
the states in each of the theories and indicate which are
twisted, untwisted, and even or odd (and similarly for
their fermionizations). Furthermore, because the Jordan-
Wigner transformation has a very concrete implementa-
tion when the theory is presented on a lattice, the authors
use it to construct explicit lattice realizations of these
fermionic minimal models from quantum spin-chains.
IV. THE EXCEPTIONAL E6 CASES
We now come to the main point of this note, which is
to point out the following: The E6 exceptional minimal
models atm = 11 andm = 12 also have a non-anomalous
Z2 symmetry, and hence there are also fermionic minimal
models associated with these.
Interestingly, the E6 minimal models are self-dual un-
der Z2 orbifold. This does make sense, there are no other
unitary CFTs at the same central charge for them to
transform into except possibly the m = 11, 12 A-type
and D-type models, but clearly their Z2 symmetries have
already “been spent” relating to one another.
We can be more explicit and list the partition func-
tions of such theories by borrowing the expressions from
[2]. In particular, we use the twisted partition functions
(equations (7.7) to (7.10) in [2]) to do simple consistency
checks on the statements above in the following subsec-
tions.
Lastly, now that all of the Z2 symmetries have been
addressed, these exceptional E6 cases, in tandem with
the work in [1], cover all possible fermionic unitary min-
imal models. Suppose otherwise, then there would be
another fermionic model whose GSO projection gives a
bosonic unitary minimal model with Z2 symmetry. As we
have already determined the fermionizations of all such
bosonic models, this additional fermionic model must not
exist.
A. m = 11 Exceptional
This theory is also known as the (A10, E6) unitary min-
imal model. The torus partition functions are
Z(A10,E6)[0, 0] =
10∑
r=1,odd
∣∣χ(r,1) + χ(r,7)
∣∣2 +
∣∣χ(r,4) + χ(r,8)
∣∣2 +
∣∣χ(r,5) + χ(r,11)
∣∣2 (11)
Z(A10,E6)[0, 1] =
10∑
r=1,odd
∣∣χ(r,1) + χ(r,7)
∣∣2 −
∣∣χ(r,4) + χ(r,8)
∣∣2 +
∣∣χ(r,5) + χ(r,11)
∣∣2 (12)
Z(A10,E6)[1, 0] =
10∑
r=1,odd
∣∣χ(r,4) + χ(r,8)
∣∣2 +
{
(χ(r,1) + χ(r,7))
∗(χ(r,5) + χ(r,11)) + c.c.
}
(13)
Z(A10,E6)[1, 1] =
10∑
r=1,odd
∣∣χ(r,4) + χ(r,8)
∣∣2 −
{
(χ(r,1) + χ(r,7))
∗(χ(r,5) + χ(r,11)) + c.c.
}
(14)
It is easy to see that the spins coming from the un-
twisted Hilbert spaces are bosonic. With some com-
putational work, one may verify that they take values
0,±1,±2, . . . ,±10,±13,±16,±19.
One can also verify the partition function is invariant
under modular S and T transformations, and that the
twisted partition functions transform into one another
under modular S and T . It’s also not hard to check that
a Z2 orbifold returns the original partition function, or
more generally that
Z(A10,E6)[α1, α2] =
1
2
∑
β1,β2
(−1)α1β2−β1α2Z(A10,E6)[β1, β2] .
(15)
The fermionic partition functions can be obtained from
equation (7) and are shown in equations (16)-(19). As
promised, the RR sector, aka the periodic-bosonic sector,
is vanishing. We also note that the fermionic sectors have
both integral and half-integral operators, the spins from
the untwisted NS-sector partition function are recorded
4in equation (20).
Zf,11[0, 0] =
10∑
r=1,odd
∣∣χ(r,1) + χ(r,7)
∣∣2 +
∣∣χ(r,5) + χ(r,11)
∣∣2 +
{
(χ(r,1) + χ(r,7))
∗(χ(r,5) + χ(r,11)) + c.c.
}
(16)
Zf,11[0, 1] =
10∑
r=1,odd
∣∣χ(r,1) + χ(r,7)
∣∣2 +
∣∣χ(r,5) + χ(r,11)
∣∣2 −
{
(χ(r,1) + χ(r,7))
∗(χ(r,5) + χ(r,11)) + c.c.
}
(17)
Zf,11[1, 0] =
10∑
r=1,odd
2
∣∣χ(r,4) + χ(r,8)
∣∣2 (18)
Zf,11[1, 1] = 0 (19)
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B. m = 12 Exceptional
This theory is also known as the (E6, A12) unitary min-
imal model. The torus partition functions are
Z(E6,A12)[0, 0] =
12∑
s=1,odd
∣∣χ(1,s) + χ(7,s)
∣∣2 +
∣∣χ(4,s) + χ(8,s)
∣∣2 +
∣∣χ(5,s) + χ(11,s)
∣∣2 (21)
Z(E6,A12)[0, 1] =
12∑
s=1,odd
∣∣χ(1,s) + χ(7,s)
∣∣2 −
∣∣χ(4,s) + χ(8,s)
∣∣2 +
∣∣χ(5,s) + χ(11,s)
∣∣2 (22)
Z(E6,A12)[1, 0] =
12∑
s=1,odd
∣∣χ(4,s) + χ(8,s)
∣∣2 +
{
(χ(1,s) + χ(7,s))
∗(χ(5,s) + χ(11,s)) + c.c.
}
(23)
Z(E6,A12)[1, 1] =
12∑
s=1,odd
∣∣χ(4,s) + χ(8,s)
∣∣2 −
{
(χ(1,s) + χ(7,s))
∗(χ(5,s) + χ(11,s)) + c.c.
}
(24)
As before, we can see the spins coming from the untwisted
Hilbert spaces are bosonic, and that the modular S and T
relationships between sectors is satisfied. The fermionic
partition functions can be obtained from equation (7)
and are
5Zf,12[0, 0] =
12∑
s=1,odd
∣∣χ(1,s) + χ(7,s)
∣∣2 +
∣∣χ(5,s) + χ(11,s)
∣∣2 +
{
(χ(1,s) + χ(7,s))
∗(χ(5,s) + χ(11,s)) + c.c.
}
(25)
Zf,12[0, 1] =
12∑
s=1,odd
∣∣χ(1,s) + χ(7,s)
∣∣2 +
∣∣χ(5,s) + χ(11,s)
∣∣2 −
{
(χ(1,s) + χ(7,s))
∗(χ(5,s) + χ(11,s)) + c.c.
}
(26)
Zf,12[1, 0] =
12∑
s=1,odd
2
∣∣χ(4,s) + χ(8,s)
∣∣2 (27)
Zf,12[1, 1] = 0 (28)
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